Abstract: A finite element method involving collocation method with Cubic B-splines as basis functions has been developed to solve fourth order boundary value problems. The fourth order and third order derivatives for the dependent variable are approximated by the central differences of second order derivatives. The basis functions are redefined into a new set of basis functions which in number match with the number of collocated points selected in the space variable domain. The proposed method is tested on four linear and six non-linear boundary value problems. The solution of a non-linear boundary value problem has been obtained as the limit of solutions of sequence of linear boundary value problems generated by quasilinearization technique. Numerical results obtained by the present method are in good agreement with the exact solutions available in the literature.
Introduction
Fourth order ordinary differential equations(ODEs) appear in several branches of applied mathematics and engineering. For example, fourth order ODEs are used to describe deformable systems. These systems include arches, beams, load bearing members like street lights in electrical engineering to robotic arms in other multi-purpose engineering systems where elastic members serve as key elements for shedding or transmitting loads. Because of the pervasive presence of deformable systems in the development and application of latest technologies, there has been a continuous interest in this area of research. Solving such type of boundary value problems analytically is possible only in very rare cases.
In this paper, we consider the general fourth order linear boundary value problem a 0 (x)y (4) (x) + a 1 (x)y ′′′ (x) + a 2 (x)y ′′ (x) + a 3 (x)y ′ (x) + a 4 (x)y(x) = b(x), c < x < d (1) subject to boundary conditions
where A 0 , B 0 , A 1 , B 1 are finite real constants and a 0 (x), a 1 (x), a 2 (x), a 3 (x), a 4 (x) and b(x) are all continuous functions defined on the interval [c, d] .
The existence and uniqueness of the solution for these types of problems has been discussed in Agarwal [1] . Over the years, there are several authors who worked on these types of boundary value problems by using different methods. For example, El-Gamel et al. [2] used Sinc-Galerkin method to solve fourth order boundary value problems. Quintic splines have been used to solve a fourth order boundary value problem [3] [4] [5] , where as Usmani [6] used Quartic splines to solve a fourth order boundary value problem. Noor and Mohyud-din [7] used variational iteration method to solve fourth order boundary value problems. Onyejekwe [8] used green element method to solve the fourth order ordinary differential equations. Taiwo [9] used cubic spline collocation tau method to solve fourth order linear ordinary differential equations.
The objective of this paper is to present a simple technique in solving a fourth order boundary value problem (1)-(2). In the present paper, cubic B-splines as basis functions have been used to solve the boundary value problems of the type (1)-(2).
In section 2 of this paper, the justification for using the collocation method has been mentioned. In section 3, the definition of cubic B-splines has been described. In section 4, description of the collocation method with cubic B-splines as basis functions has been presented and in section 5, solution procedure to find the nodal parameters is presented. In section 6, numerical examples of both linear and non-linear boundary value problems are presented. The solution of a nonlinear boundary value problem has been obtained as the limit of solutions of sequence of linear boundary value problems generated by quasilinearization technique [10] . Finally, the last section is dealt with conclusions of the paper.
Justification for using collocation method
In finite element method (FEM) the approximate solution can be written as a linear combination of basis functions which constitute a basis for the approximation space under consideration. FEM involves variational methods like Ritz's approach, Galerkin's approach, least squares method and collocation method etc. The collocation method seeks an approximate solution by requiring the residual of the differential equation to be identically zero at N selected points in the given space variable domain where N is the number of basis functions in the basis [11] . That means, to get an accurate solution by the collocation method one needs a set of basis functions which in number match with the number of collocation points selected in the given space variable domain. Further, the collocation method is the easiest to implement among the variational methods of FEM. The collocation method with cubic B-splines as basis functions has been used to solve a second order boundary value problem [12] . For the case of a single differential equation, it is shown in Douglas and Dupont [13] that the cubic B-splines yield fourth order accurate results. Hence this motivated us to use the collocation method to solve a fourth order boundary value problem of type (1)- (2) with cubic B-splines.
Definition of cubic B-splines
The existence of the cubic spline interpolate s(x) to a function in a closed interval [a,b] for spaced knots (need not be evenly spaced)
is established by constructing it. The construction of s(x) is done with the help of the cubic B-Splines. Introducing six additional knots x −3 , x −2 , x −1 , x n+1 , x n+2 and x n+3 such that x −3 < x −2 < x −1 < x 0 and x n < x n+1 < x n+2 < x n+3 . Now the cubic B-splines, given in Cox [14] and Boor [15] , are defined by
where
It can be shown the set {B −1 (x), B 0 (x), ..., B n (x), B n+1 (x)} forms a basis for the space S 3 (π) of cubic polynomial splines [12] . Schoenberg [16] has proved that the cubic B-splines are the unique non-zero splines of smallest compact support with knots at
Description of the method
To solve the boundary value problem (1)-(2) by the collocation method with cubic B-splines as basis functions, we define the approximation for y(x) as
where α j ′ s are the nodal parameters to be determined. In the present method, the internal mesh points are selected as the collocation points. In collocation method, the number of basis functions in the approximation should match with the number of selected collocation points [11] . Here the number of basis functions in the approximation is n + 3, where as the number of selected collocation points is n − 1. So, there is a need to redefine the basis functions into a new set of basis functions which in number match with the number of selected collocation points. The procedure for redefining the basis functions is as follows: Using the cubic B-splines described in section 3 and the Dirichlet boundary conditions of (2), we get the approximate solution at the boundary points as
Eliminating α −1 ,α n+1 from the equations (3), (4) and (5), we get the approximation for y(x) as
and
Using the Neumann boundary conditions of (2) to the approximation y(x) in (6), we get
Now, eliminating α 0 , α n from the equations (6), (7) and (8), we get the approximation for y(x) as
and (9) is matching with the number of selected collocation points.
Now the number of new basis functions
Since the approximation for y(x) in (9) is a cubic approximation, let us approximate y ′′′ and y (4) at the selected collocated points with central differences as
and y
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Now applying collocation method to (1), we get
Using (10) and (11) in (12), we get
Rearranging the terms and writing the system of equations (13) in matrix form, we get
5 Solution procedure to find the nodal parameters . Using these facts, we can say that the matrix A defined in (15) is a five band matrix. Therefore, the system of equations (14) is a five band system in α i ′ s. The nodal parameters α i ′ s can be obtained by using band matrix solution package.
Numerical results
To test the efficiency of the proposed method, four linear and six non-linear problems are presented. Numerical results for each problem are presented in a table and compared with the exact solutions available in the literature.
Example 1 Consider the linear boundary value problem
The exact solution is y = (1 − x) ]
. Table 2 . The maximum absolute error obtained by the proposed method is 3.099442 × 10 −6 . Table 3 
The proposed method is tested on this problem where the domain [-1,1] is divided into 10 equal subintervals. Numerical results for this problem are shown in

Example 3 Consider the linear boundary value problem
y (4) + xy = −e x (8 + 7x + x 3 ), 0 < x < 1 (19) subject to y(0) = 0, y ′ (0) = 1, y(1) = 0, y ′ (1) = −e. The exact solution is y = x(1 − x)e x . The
proposed method is tested on this problem where the domain [0,1] is divided into 10 equal subintervals. Numerical results for this problem are shown in
This nonlinear boundary value problem is converted into a sequence of linear boundary value problems generated by quasilinearization technique [10] as Table  5 . The maximum absolute error obtained by the proposed method is 6.802380 × 10 −6 . 
Here y (n+1) is the (n + 1) th approximation for y. The domain [0,1] is divided into 10 equal subintervals and the proposed method is applied to the sequence of problems (22). Numerical results for this problem are presented in
The exact solution is y = sin x. This nonlinear boundary value problem is converted into a sequence of linear boundary value problems generated by quasilinearization technique [10] as
subject to y (n+1) (0) = 0, y
th approximation for y. The domain [0, 1] Table  6 . The maximum absolute error obtained by the proposed method is 1.043081 × 10 −6 .
is divided into 10 equal subintervals and the proposed method is applied to the sequence of problems (24). Numerical results for this problem are presented in
Example 7 Consider the nonlinear boundary value problem
y (4) − 6e −4y = −12(1 + x) −4 , 0 < x < 1 (25) subject to y(0) = 0, y ′ (0) = 1, y(1) = ln 2, y ′ (1) = 0.5.
The exact solution is y = ln(1 + x).
This nonlinear boundary value problem is converted into a sequence of linear boundary value problems generated by quasilinearization technique [10] as Table  7 . The maximum absolute error obtained by the proposed method is 1.221895 × 10 −6 . 
This nonlinear boundary value problem is converted into a sequence of linear boundary value problems generated by quasilinearization technique [10] as 
Conclusions
In this paper, we have developed a collocation method with cubic B-splines as basis functions to solve fourth order boundary value problems. Here we have taken internal mesh points as the collocation points. The cubic B-spline basis set has been redefined into a new set of basis functions which in number match with the number of selected collocation points. The proposed method is applied to solve several number of linear and non-linear problems to test the efficiency of the method. The numerical results obtained by the proposed method are in good agreement with the exact solutions available in the literature. The objective of this paper is to present a simple method to solve a fourth order boundary value problem and its easiness for implementation.
